Let M n be a closed, connected n-manifold. Let M −τ denote the Thom spectrum of its stable normal bundle. A well known theorem of Atiyah states that M −τ is homotopy equivalent to the Spanier-Whitehead dual of M with a disjoint basepoint, M + . This dual can be viewed as the function spectrum, F (M, S), where S is the sphere spectrum. F (M, S) has the structure of a commutative, symmetric ring spectrum in the sense of [7] , [12] [9]. In this paper we prove that M −τ also has a natural, geometrically defined, structure of a commutative, symmetric ring spectrum, in such a way that the classical duality maps of Alexander, Spanier-Whitehead, and Atiyah define an equivalence of symmetric ring spectra, α :
Introduction
Throughout this paper M n will denote a fixed, closed, connected n-manifold. Let e : M → R k be an embedding into Euclidean space, and let η e be the normal bundle. A well known theorem of Atiyah [1] states that the Thom space, M η e , is a k-Spanier -Whitehead dual of M . One can normalize with respect to k in the following way. Let M −τ denote the spectrum, M −τ = Σ −k M η e . The homotopy type of this spectrum is well defined, in that it is independent of the embedding e. Atiyah's theorem can be restated as saying that there is a homotopy equivalence of spectra,
where S is the sphere spectrum, and F (M, S) is the spectrum whose k th space is the unbased mapping space, F (M, S k ). Recently, symmetric monoidal categories of spectra have been developed ( [5] , [7] , [9] ). In these categories, the dual F (M, S) has the structure of a commutative ring spectrum. The goal of this paper is to prove that the Thom spectrum M −τ also has such a multiplicative structure via a natural geometric construction. Moreover we will show that the classical duality maps of Alexander, Spanier-Whitehead, and Atiyah define an equivalence of ring spectra, α : M −τ − → F (M, S).
For our purposes the most convenient category of spectra will be the category of symmetric spectra of [7] , [6] [12] . We will actually work in the topological (as opposed to simplicial) category of symmetric spectra as developed in [9] . The following is the main result of this paper.
Theorem 1. The Thom spectrum M
−τ has the structure of a a commutative, symmetric ring spectrum with unit. Furthermore, the duality map
is a π * -equivalence of symmetric ring spectra. That is, α is a ring map that induces an isomorphism on stable homotopy groups.
The study of the multiplicative properties of M −τ and the Atiyah duality map were motivated by its use in string topology [3] , and the question of whether the Chas-Sullivan string topology operations defined on the homology of the loop space, H * (LM ), are homotopy invariants [2] . An important step in this investigation is the relationship between the Chas-Sullivan loop homology algebra H * (LM ) and the Hochschild cohomology H * (C * (M ), C * (M )). We will use the multiplicative properties of Atiyah duality proven here to fill in details of the argument given in [3] showing that these algebras are isomorphic, when M is simply connected.
While the algebra H * (C * (M ), C * (M )) is clearly a homotopy invariant of M , the ring isomorphism between H * (LM ) and H * (C * (M ), C * (M )) uses embeddings of manifolds and the Thom-Pontrjagin construction, and hence depends a priori on the smooth structure of M . The question of the homotopy invariance of the string topology operations will be the subject of a future paper by the author, J. Klein, and D. Sullivan [4] .
The organization of this paper is as follows. In section 1 we describe the geometric construction of the symmetric spectrum M −τ using Thom spaces parameterized by spaces of embeddings and tubular neighborhoods. We then describe the ring structure. It turns out that this spectrum does not naturally have a unit, essentially because there is no canonical choice of embedding. We address this issue in section 2 by showing that by choosing a fixed embedding e : M → R k one can construct an equivalent symmetric ring spectrum M −τ (e) that does admit a unit. This ring spectrum will be in the sense of [6] where the underlying sphere spectrum is made out of iterated smash products of S k , rather than S 1 as in [7] . We then complete the proof of theorem 1 in section 2. We end by giving the applications to Hochschild cohomology mentioned above.
The author would like to thank G. Carlsson, B. Dundas, J.P. May, D. Sullivan, C. Schlichtkrull, and T. Tradler for many helpful conversations and correspondence related to this work. 
The Thom spectrum M
x − e(y) for any y ∈ M , with equality holding if and only if r(x) = e(y).
For all y
) is a ball of radius in the affine space e(y) + T e(y) e(M ) ⊥ , with center at e(y).
3. The closureν (e) is a smooth manifold with boundary.
We remark that the retraction r is completely determined by properties (1) and (2) . See [8] for this version of the tubular neighborhood theorem. Let L e > 0 be the minimum of 1 and the least upper bound of those satisfying this theorem. For k > 0, define the spaceM
can be topologized as the total space of a fiber bundle
whose fiber over (e, ) is R k /(R k − ν (e)), which by the tubular neighborhood theorem is homeomorphic to the Thom space of the normal bundle, η e . Notice also that there is a canonical section of this bundle
A point in M −τ k is an embedding with tubular neighborhood, together with a point in the Thom space
) be the homeomorphism given by the tubular neighborhood theorem. This defines an inclusion
x→(e, ,x)
The following states that through a range of dimensions that increases with
Proof. This follows from fibration (2) and the Whitney embedding theorem which states that Emb(M, R k ) is ( k 2 − n − 1)-connected, and therefore so is E k .
Notice that the permutation action of the symmetric group
k } the structure of a symmetric sequence in the sense of [7] .
Let S k be the unit sphere,
where
is the image of the smash product of t and x under the projection map
Clearly the maps s r,k are Σ r × Σ k -equivariant. They also satisfy the appropriate compatibility conditions to allow us to make the following definition.
Notice that by proposition 2, the spectrum M −τ has the right homotopy type. That is, given an embedding e : M → R k then there is an equivalence of spectra,
We now examine the multiplicative structure of M −τ . Recall from [12] [9] , that a (commutative) symmetric ring spectrum is a (commutative) monoid in the symmetric monoidal category of symmetric spectra. The spectrum M −τ as we have defined it will have an associative, commutative product structure, but it does not have a unit. This is essentially because there is no canonical choice of embedding of M in R k . We will deal with issues regarding the unit in the next section. Proof. We define associative pairings
where e 1 × e 2 is the embedding M 2 , L e1×e2 }, and x 1 ∧x 2 is the image of the smash product under the obvious projection map,
. (7) The map µ k,r is clearly Σ k × Σ r -equivariant, and the collection {µ k,r } is associative. Furthermore a check of definition of the structure maps (4) shows that these pairings respect the structure maps, and so define a pairing on the external tensor product of spectra ( [7] [9])
In order to show that the pairing µ defines a ring structure, we need to show that it factors through the smash product, M −τ ∧ M −τ , defined to be the coequalizer of
where :
p+q , where τ p,q ∈ Σ p+q is the shuffle permutation,
This fact can now be immediately checked from the definitions. To show that the ring structure is commutative, we need to verify that the following diagrams commute, for every p and q.
Again, this can be seen by a quick check of the definitions.
We now use this ring spectrum to study the Atiyah duality map. We begin by recalling the classical map inducing ity in homology. Namely, let e : M → R k be an embedding with tubular neighborhood ν (e). Consider the map
This map induces the Alexander duality isomorphism
Atiyah duality [1] is induced by the same map:
The adjoint of this map gives a map α : M η e −→ F (M, S k ) which defines, up to homotopy, the Atiyah duality homotopy equivalence,
To see this map as a map of symmetric ring spectra, we introduce a function spectrum F (M, S M ), where S M is a symmetric ring spectrum (without unit), equivalent to the sphere spectrum S.
(S M ) k is topologized as a fiber bundle over E, with fiber over (e, , v) equal to ∞) . We then define the space (S M ) k to be the cofiber,
(S M ) k has the Σ k -action induced by the permutation action on R k . We define structure maps
by s∧(e, ; t) −→ (0×e, , s∧t), where 0×e is the embedding y → (0, e(y)) ∈ R r ×R k . This gives S M the structure of a symmetric spectrum. The ring structure on S M is given by the pairings
It is straightforward to check that these pairings give S M the structure of a commutative, symmetric ring spectrum (without unit). Furthermore, there is an obvious map S M → S which is a π * -equivalence of symmetric ring spectra.
We now consider the symmetric ring spectrum F (M, S M ). (Its ring structure is induced by that of S M .) Notice that the Atiyah duality map defines a map
where, as above, x ∈ R k /(R k − ν (e)), and so x − e(y) ∈ R k /(R k − B (0)). A quick check of definitions verifies that the adjoint of this map defines a map of symmetric ring spectra α :
realizing the Atiyah homotopy equivalence.
Unfortunately there are no good unital properties of this equivalence of ring spectra. This problem will be dealt with in the next section.
Unital symmetric ring spectra and a proof of theorem 1
In this section we use a fixed embedding e : M → R k to modify the definitions of M −τ and F (M, S), in order to obtain symmetric ring spectra with units. We then use these spectra to prove theorem 1. To do this we use the machinery of [6] , which defines symmetric spectra in general model categories. If C is a symmetric, monoidal, model category, and K is a cofibrant object of C, then Hovey defined a category Sp Σ (C, K) of symmetric spectra. These are symmetric sequences {X n } together with Σ n × Σ m -equivariant structure maps, n,m : X n ⊗ K ⊗m → X n+m . In the standard setting considered above, C is the category of based topological spaces, and K = S 1 . For our purposes below, we will continue to let C be the category of based topological spaces, but we now let K = S k , where k is the ambient dimension of our fixed embedding, e : M → R k , and S k = R k ∪ ∞ is the one point compactification.
We now define a symmetric ring spectrum M −τ (e) in this category. In the definition of the spaces M −τ n , we considered all possible embeddings of M in R n together with tubular neighborhoods. In our present situation, the fact that we have a fixed embedding e : M → R k , allows us to restrict the general embeddings we consider to those of the form φ • e, where φ : R k → R kn is a linear, isometric embedding. Let 0 < < 1 2 L e be fixed, and ν (e) ⊂ R k be the corresponding tubular neighborhood. Let V k (R km ) be the Stiefel manifold of k-frames in R km , or equivalently, linear isometric embeddings of R k in R km . This Stiefel manifold has a natural action of the symmetric group Σ m given by permuting the factors of (
Notice that θ(φ) ⊂ ν 2 (φ • e) and is a regular neighborhood of the embedding φ • e(M ). Define the spaces
This is topologized as a fiber bundle over V k (R km ), with fiber the appropriate Thom space.M −τ m (e) has an action of Σ m induced by the permutation action on R km , making this bundle Σ m -equivariant. As before, let ∞ ∈ R k /(R k − θ(φ))} denote the basepoint. We can then define the quotient
This now defines is a symmetric sequence in the category C of based topological spaces. (For this we take M τ 0 (e) = S 0 .) This symmetric sequence is multiplicative, in the sense that we have associative pairings
is the product of the linear embeddings φ 1 and φ 2 . The element x 1 ∧ x 2 is the image of the smash product under the projection map
Notice that these pairings are also commutative in the sense that
m+n (e) where τ m,n is the shuffle permutation described in the last section. Now consider the symmetric sequence
⊗m . Since tensor product in the category C is given by smash product, these spaces are just spheres. This sequence has, by its definition, an associative product structure, which is commutative in the above sense.
We now construct a multiplicative map of symmetric sequences,
which will serve as the unit. Define
where Thom collapse map c :
) is the projection. An easy check of the definitions verifies that u :
is a multiplicative map of symmetric sequences. This in particular defines a bimodule structure of M −τ (e) over S(k). These definitions yield the following. 
is the unit in this ring structure.
Notice that since the connectivity of the Stiefel manifold V k (R km ) goes up with m, the homotopy type of the spectrum M −τ (e) is the same as the homotopy type of the desuspension of the Thom spectrum of the normal bundle, Σ −k M ηe . This in turn is the same as the homotopy type of the spectrum M −τ defined in the last section.
Remark. The definition of M −τ (e) depended on a fixed choice of < 1 2 L e . Normally we will suppress the choice of in the notation. However when we want to make note of it, we will denote the resulting spectrum by M τ (e, ). Notice that for < , there is a natural projection map M τ (e, ) → M τ (e, ) which is an equivalence of symmetric ring spectra.
We now define a variant of the Spanier-Whitehead dual of M in the category
, define a fiber bundle over the tubular neighborhood,
where the fiber over x ∈ ν (e), is the sphere,B ( 
Now define
where we are dividing out by all pairs (φ, σ ∞ ), where σ ∞ is the constant section at the basepoint. Notice that the trivialization ρ defines an Σ m -equivariant homeomorphism,
which in turn is equivariantly homotopy equivalent to
We now have constructed a symmetric sequence F (e) = {F m (e)}. This sequence is multiplicative, in that it has an associative multiplication,
where σ 1,2 (x) = σ 1 (x) ∧ σ 2 (x). This multiplication is also commutative in the sense
Define the Atiyah duality map α : M −τ → F (e), as follows.
where σ x (y) is defined to be the basepoint if x = ∞, or if |x − φ(y)| > . Otherwise σ x (y) = [x] ∈B (y)/∂B (y). One immediately checks that this is a map of symmetric sequences (i.e is equivariant at each stage), and preserves the multiplicative structure. The composition with the unit,
defines a bialgebra structure of F (e) over S(k), giving F (e) the structure of a symmetric ring spectrum in Sp Σ (C, S k ). This composition defines a unit for F (e). Thus the Atiyah duality map α : M −τ m (e) → F (e) is a map of (unital) symmetric ring spectra.
Furthermore, with this ring spectrum structure, the mapsρ : F m (e) → F (M, S km ) induce an equivalence of symmetric ring spectra, defined by sending (φ, x) to x ∧ x 1 and x 1 ∧ x respectively. Here, if x ∈ θ(φ) ⊂ R km , then x = φ(x 1 ) ⊕ x 2 is the unique decomposition where x 1 ∈ ν 2 (e) and x 2 ∈ φ(R k ) ⊥ . By applying chains and composing with the evaluation map, C * (ν 2 (e)) ⊗ C * (ν 2 (e)) → Z, we have a bimodule structure of C * (M −τ (e)) over C * (ν 2 (e)). Now let q : ν 2 (e) → ν (e) be a fixed retraction. Then composing with q * : C * (ν (e)) → C * (ν 2 (e)) defines the bimodule structure over C * (ν (e)). This bimodule structure can be realized on the spectrum level as follows. Define the map
where u is the unit, andρ is the trivialization described above. There is also a similar map which by a check of definitions (17), (22), and (24) is immediately seen to be a ring homomorphism, and by the above observation is a left inverse to the Atiyah duality map, α * : C * (M −τ (e)) → C * (F (e)). As a consequence of these observations, we can draw the following conclusion. We use this result to fill in details of the proof of the following theorem [3] .
Theorem 6. Let M be a simply connected closed manifold, LM its free loop space, and H * (LM ) = H * +d (LM ) the loop homology algebra of Chas-Sullivan [2] . Then there is an isomorphism of algebras,
In [3] , the authors described a ring spectrum LM −T M defined as the Thom spectrum of the pull-back of the virtual bundle −T M → M over the loop space
